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ABSTRACT 

The purpose of this article is to study the split feasibility problem for a countable family of multi-valued  - 

demicontractive mappings and total asymptotically strict pseudo-contractive mapping in infinite dimensional Hilbert 

spaces. In order to solve the problem, we constructed a modified Ishikawa’s type of algorithm. Under mild conditions, we 

established convergence theorem using the sequences of the algorithm. The main results presented in the paper improve 

and extend the recent result of Chang et al. [Applied Mathematics and Computation 219(2013) 10416-10424] , J.N.Ezeora 

and R.C.Ogbonna[Matematicki Vesnik 70,3(2018),233-242].  

Key words and phrases: Split feasibilty problem; Countable family;  Multi- valued mappings; demicontractive mapping; Contractive 

mapping; Pseudocontractive mapping; Strictly pseudocontractive mapping; asymptotically strict pseudocontractive mapping; total 

asymptotically strict pseudocontractive mapping; Hilbert space. 

 

1.INTRODUCTION 

Generally, problems involving nonlinear equations have no known methods to obtain closed form solutions 

for them. An iterative algorithm is a procedure used for solving a problem or performing a computation. It is 

usually the only way to solve problems involving nonlinear equations by finding an approximate solution to 

the given problem. There is no universal iterative algorithm applicable to all kinds of problems involving 

nonlinear equations. Several iterative algorithms have been deployed to approximate solutions, assuming 

existence. Recently, iterative algorithms have been utilized by researchers to solve split feasibility problems. 
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Based on the aforementioned results and some other result in this direction, the need to construct a modified 

iterative algorithm for solving split feasibility problem involving nonlinear equations arises. 

In this work,  will be used to denote a real Hilbert space and  will denote, a subset of . A mapping 

 is said to be -total asymptotically strict pseudo contractive, if there exists a 

constant  and sequences  with  and  as , and a 

continuous and strictly increasing function  with  such that for all 

, 

                       (1) 

Let  be a metric space and  be the family of all closed and bounded subsets of . Let  denote 

the Hausdorff metric induced by the metric , then for all , 

                                                      (2) 

where . 

Let  be a multi-valued mapping, a point  is called a fixed point of  if 

. A multi-valued mapping  is said to be L-Lipschitzian if there exists  such that 

                                                        (3) 

In (3), if , then  is called contraction while  is called nonexpansive if .  is said to be 

(i) quasi-nonexpansive if  and 

 

(ii) -strictly pseudocontractive (see e.g.,  if there exists  such that , 

 

(iii)  - demicontractive if  and for  we have 

 

Clearly,the following inclusions hold for the above classes of mappings; nonexpansive  quasi - 

nonexpansive -strictly pseudocontractive -demicontractive. 

Example 1.1. [15] Let  and . Define  by 

                                                                       (4) 

Clearly, , for , we have 
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Thus  is -demicontractivefor  

T is not  - strictly pseudocontractive, choose  and y , then 

 

Hence,  is not  - strictly pseudocontractive mapping for  

Example 1.2. ([11]) Let  with the usual metric. Define  by 

                                                                                (5) 

We have that,  and  is a multivalued demi-contractive mapping which is not quasi-nonexpansive 

. For each, , we have 

 

which implies that  is not quasi-nonexpansive. 

Also, we have that 

using above, 

 

 

Therefore,  is a demi-contractive mapping with constant  

In 1994,Censor and Elfving [4] introduced, in finite dimensional Hilbert spaces, the split feasibility problem 

for modeling inverse problems which arise from phase retrievals and in medical image reconstruction. It is 

now known that split feasibility problems can be used in various disciplines, such as image restoration, 

computer tomograph and radiation therapy treatment planning (see  ). 

Let  and  be two real Hilbert spaces,  and  be nonempty closed convex subsets of  and , 

respectively. The split feasibility problem is formulated as follows; find a point  such that 

                                                          (6) 
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where  is a bounded linear operator. If (6) has solution, it can be shown that  solves (6) if 

and only if it solves the following fixed point equation: 

                                                                        (7) 

where  and  are the projections onto  and , respectively,  is a positive constant, and  denotes the 

adjoint of . When  and  in (6) are the sets of fixed points of two nonlinear mappings, and  and  are 

nonempty closed convex subsets of  and , respectively, then the split feasibility problem (6) is also 

called split common fixed point problem or multiple-set split feasibility problem (see [9, 20]). 

Split common fixed point problems for nonlinear mappings in the setting of two Hilbert spaces have been 

studied by many authors; (see, for instance, [7, 8, 10, 16, 17, 18]). 

In 2013, Chang et.al [9] obtained strong and weak convergence results for multiple set split feasibility 

problems for a family of multi-valued mappings and a single valued nonlinear mapping in Hilbert spaces. 

Recently, Ezeora and Ogbonna [14] study and obtained strong and weak convergence results for multiple set 

split feasibility problems of a countable family of multi-valued -strictly pseudo-contractive mapping and 

total asymptotically strict pseudo-contractive mapping in infinite dimensional Hilbert spaces. 

Motivated by the results of Chang et. al,Ezeora and Ogbonna, we introduce and study multiple-set split 

feasibility problem for a countable family of multi-valued  - demicontractive mapping and total 

asymptotically strict pseudo-contractive mapping in infinite dimensional Hilbert spaces. 

 2. PRELIMINARIES 

In the sequel, we shall denote by  and , the weak and strong convergence of a sequence , respectively. 

Definition 2.1. A multi-valued mapping  is said to be demi-closed at origin if for any 

sequence  with  and , we have . 

Definition 2.2. A normed linear space,  is said to satisfy opial's condition if, for any sequence,  such that 

, we have 

 

A multi-valued mapping  is said to be hemi-compact if, for any sequence  in  

such that  as , there exists a subsequence  of  such that . 

Definition 2.3. Let  be a sequence in . A point  is called a weak cluster point of the sequence 

 if there exists a subsequence  of  such that , as . 

Lemma 2.4. (see [11]) Let  be a nonempty set of real Hilbert space  and let  be a 

multivalued  - demi-contractive mapping. Assume that for every . Then, there exists 

 such that 
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. 

Lemma 2.5. (see [9] Lemma 2.3) Let  be a uniformly L-Lipschitzian continuous and 

 total asymptotically strict pseudo contractive mapping, then  is demi-closed at the origin. 

Lemma 2.6. (see [12]) Let  and  such that . If  is 

bounded, then 

. 

Lemma 2.7. (see [19]) Let  and  be sequences of nonnegative real numbers satisfying 

. If  and , then the  exists. 

 3. MAIN RESULT 

For solving the multiple-set split feasibility problem, we assume that the following conditions are satisfied: 

(1)  and  are two real Hilbert spaces,  is a bounded linear operator and  is the 

adjoint of . 

(2)  is a countable family of multi-valued  demicontractive mappings and for each 

 is demi-closed at the origin. 

(3)  is a uniformly -Lipschitzian continuous and  - total asymptotically strict 

pseudo-contractive mapping satisfying the following conditions: 

(i)  : 

(ii) there exist constants  such that  : 

(4)  and . 

(5) For each  for each . 

The set of solution of the multiple set split feasibility problem will be denoted by 

 

Theorem 3.1. Let ,  and  satisfy conditions (1)-(5) above. Let  be 

the sequence generated by 

                                                       (8) 

where  with  and  satisfy the following conditions: 
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(a) , for each , (b) for each , , 

(c) . 

If  is nonempty, then 

(A) both  and  converge weakly to some point . 

(B) In addition, if there exists some positive integer  such that  is hemi-compact, then both  

and  converge strongly to . 

Proof. We observe that by condition (3)(ii), and the fact that  is a continuous and strictly increasing 

function, there exist constants  such that 

                                                                        (9) 

To establish conclusion , we divide the proof into six steps. 

Step 1 

We prove that all the sequences  and  are bounded. and for each , we also show that 

. 

For any given , we have  and . 

By the assumption that for each  is a multi-valued  - demicontractive mapping, therefore the fixed 

point set  is closed, and so is . 

From equation 3.1, condition (5) and using Lemma 2.6, we have that for each  and , 
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Notice that 

                                                                        (15) 

Since . T is a  - total asymptotically strict pseudo contractive mapping, we 

have 
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Using inequalities (15) and (16) in equation (14) , we obtain 

   

                                                                                                                (17) 

By condition (c), , therefore we have 

                                     (18) 

substituting inequality (18) into equation (10) , we have 

                                                                                                    (19)  

where  and . Applying condition (3) (i), we get 

that  and . So, from Lemma 2.7, we get  exists. From equation 

(10) and inequality(18), we know that  exists. Also, 

. Hence,  and  are bounded. Furthermore, Since for each 

i,  is a multi-valued  - demicontractive, we have from Lemma 2.4 that 

                                            (20) 

So, from (20), we get that  is also bounded. 

Step 2 

Now we prove that for any , the following conditions hold: 

                                                          (21) 

For any , it follows from (),(18( and Lemma 2.6, that for any  we have 
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So, 

 

 

By conditions (b) and (c), and conclusion (23), we have 

                                                                                               (24) 

Hence, we have 

                                                                                          (25) 

Step 3 

We prove that . 

From conclusion(25), we know that  and . 

Using convexity of , we have from  

 

Hence from( 26), we have 
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                                                                                              (27) 

Step 4 

We prove that . 

Since  is uniformly  - Lipschitzian continuous, (24) and (27) above hold, we obtain 

      

Step 5 

We prove that every weak-cluster point of the sequence  and . 

Since  is bounded and  is reflexive, there exists a subsequence  such that . 

Hence from step . 

Using the fact that  is demi- closed at the origin, we get that . Since  is arbitrary, we 

have . On the other hand, it follows from (8) and (24) that 

                                                                                 (29) 

Since  is a bounded linear operator, we obtain from 3.22 that . Notice that by step (4), we have 

 

and by Lemma 2.5,  is demi-closed at origin and so, . Hence, . 

Step 6 

We prove that  and . 

Suppose that there exists some subsequence  of  such that  with . 

Using similar arguments as the ones above, we can prove that . Hence from the conclusions of step  

and the Opial's property of Hilbert space, we have 
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This is a contradiction. Therefore, . By using (8), we have . This 

completes the proof of conclusion (A). Next, we prove conclusion (B). 

Without loss of generality, we may assume that  is hemi-compact. From step (2), we have that 

 as . 

Therefore, there exists a subsequence of  such that . Since , we have  

and so . By virtue of conclusions of step 1, we have 

 

That is,  and  both converge strongly to the point . This completes the proof. 

Lemma 3.1. Let  be a real Hilbert space. There hold the following identity 

              (31) 

Remark 3.1. If  is a family of single-valued strictly demicontractive self mappings of , then Theorem 

3.1 still holds. In fact we have the following result. 

Theorem 3.2. Let  and  be two real Hilbert spaces and  be a family of single-valued 

strictly demicontractive mappings, and for each  is demi-closed at 0. Let 

, , and  satisfy same conditions as in Theorem 3.1 and  be the 

sequence generated by 

                                                                                            (32) 

If , then the conclusions of Theorem 3.1 still hold. 

Proof. Using Lemma 3.1, one can easily get that  and  are all bounded. The rest of the proof 

follow as in the proof of Theorem 3.1. 
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4. APPLICATION 

Let  be a real Hilbert space,  be a countable family of nonexpansive mapping with  

; and  be a nonexpansive mapping. The hierarchical variational inequality problem 

for family countable of nonexpansive mapping  with respect to the nonexpansive mapping  is to find an 

 such that 

                                                                                      (33) 

It is known that (33) is equivalent to the following fixed point problem: 

                                                                               (34) 

where  is the metric projection from  onto . Letting  and  (the fixed point set of  ) 

and  (the identity mapping on  ), then problem (34) is equivalent to the following multi-set split 

feasibility problem: 

                                                                                       (35) 

Theorem 4.2. Let  be the same as above. Let  be the sequence defined by 

                                                                                  (36) 

where  and  satisfy the following conditions: 

(i) ; 

(ii) . 

If , then  converges weakly to a solution of the hierarchical variational inequality problem 

(33). In addition, if the mapping  is semi-compact, then both  and  converge strongly to a solution 

of the hierarchical variational inequality problem (33). 

Proof. Since for each  is nonexpansive, it is quasi-nonexpansive. Every quasi-nonexpansive 

mapping is strictly pseudo-contractive mapping and every strictly pseudo-contractive mapping is demi-

contractive. Furthermore, since  is nonexpansive, it is uniformly -Lipschitzan continuous and 

-total asymptotically strict pseudocontractive with , and . 

Therefore, all conditions of Theorem 3.1 are satisfied. Hence, the conclusions of Theorem 4.2 follow from 

Theorem 3.1. 

Remark 4.1. A look at the proof of Theorem 3.1 shows that the proof carries over to the case of multi valued 

quasi nonexpansive maps and k-strictly pseudo-contractive maps. Consequently, Theorem 3.1 is an 
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improvement and extension of Theorem 3.1 of Chang et al [9], Theorem 3.1 of Ezeora and Ogbonna [14] and 

other important results in this direction of research. 
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